It is argued, that adjusting strong potentials directly to observed hadronic atom level shifts may lead to significantly different scattering lengths, than those, predicted by the Deser formula [1].
I. INTRODUCTION
One of the most relevant sources of information on hadron-nucleus interaction is the measurement of hadronic atom level shifts. The usual picture of a hadronic atom is a particle moving in the combined Coulomb and nuclear potential of the nucleus.(see e.g. [4] ).
The measured level shifts are used to extract information about the nuclear part of the potential.
An important subfield is the study of hadronic hydrogen, which gives information on the primary hadron nucleon interaction. According to the usual philosophy of hadronic atoms, this interaction is imagined as a complex potential, the properties of which are to be deduced (at least partly) from the measured level shifts. On the other hand, the elementary hadron nucleon interaction can be approached also from the field-theoretical side, trying to derive it from effective Lagrangians and then to relate it to the level shifts [5] . While the field theoretical approach can be considered as more fundamental in this case, the basic merit of the potential picture leading to a phenomenological potential lies in its applicability in dynamical description of more complicated N > 2 systems in the quantum mechanical framework. Proper field theoretical calculations of such systems are still beyond the real possibilities.
In both cases the level shifts and the nuclear interactions are related via the scattering length of the nuclear interaction. The use of scattering length seems to be natural in the field-theoretical case since it is the zero energy scattering amplitude and thus diagram technique can be applied for its calculation. On the other hand, in the potential approach this intermediate step seems to be superfluous, with present day computational facilities the potentials can be directly and easily related to the level shifts.
The main purpose of the paper is to show, that the approximate deduction of the potential parameters via the widely used Deser-formula [1], connecting the level shift and the scattering length can lead to substantial differences, compared to the direct approach (this has been known before). We argue, that the effort of exact solution of the Schrödinger-equation, yielding accurate potential parameters is not greater, than that of applying different corrections to the Deser-formula. Also, a new approximate relation between the level shifts and the potentials is derived, which practically gives the exact results.
As a demonstration of the above ideas we have made calculations for the the kaonic hydrogen case since recently theKN interaction has attracted some renewed interest due to the possible existence of boundK-nuclear states.
II. FORMULATION OF THE PROBLEM
Let us consider the 1s level of kaonic hydrogen. The (model) Hamiltonian reads
where the strong interaction is represented by a local central potential
with two parameters: its strength V 0 and range b. The attractive Coulomb potential is
and µ is the K − p reduced mass:
The Schrödinger equation (H − E) Ψ = 0 can be transformed into the radial equation
where 
The solution of Eq. (6) is, of course, known:
Let us recall some important features of Eq. (5):
-due to absorbtion to other channels, λ is complex, so q is complex, too, but Re(q) > 0, so ψ(r) → 0 for r → 0;
-both functions ψ(r) and ϕ(r) are on the r 0 scale (∼ 100 fm), while the presence of V s modifies ψ(r) compared to ϕ(r) only for r < R; thus q 2 − q 2 0 is small, but not due to the smallness of V s itself, so perturbative treatment is not justified;
-outside the range of the strong potential (r > R) ψ(r) goes over into the asymptotically vanishing solution of the Coulomb equation
with U being the confluent hypergeometric function of the second kind [6] .
-within the range of V s (r < R) the relation q 2 ≪ λ v s (r/b) usually holds since the Coulombic eigenvalue is in the keV range, while the nuclear potential is of MeV order;
this feature allows to approximate ψ(r) in this range by the zero-energy solution ψ 0 (r).
Multiplying Eq. (5) by ϕ(r) and Eq. (6) by ψ(r), subtracting and integrating, we obtain in the usual way:
where we used the fact, that both ψ(r) and ϕ(r) vanish for r → ∞ and r → 0.
The expression (7) is exact and independent of the normalization of ψ(r) and ϕ(r). The basic question is how to relate
to the properties of V s .
The traditional answer to this question was given by Deser [1], back in 1954. According to him
where a s is the scattering length of the strong potential V s defined as 
In other words, the pure strong scattering length is approximated by the Deser scattering length a D (q), derived from the measured ∆E.
It is not straightforward to relate (8) and (9) to the exact expression (7) or to point out clearly the approximations leading from (7) to (8), together with criteria for their applicability (apart from the obvious R ≪ r 0 ).
Since 1954 considerable effort has been devoted to re-derivation of Deser's result, to considering its possible improvements or corrections to it, to studying its special cases, e.g. a strong potential with an almost or weakly bound state, when the scattering length becomes large [7] - [11] . The most relevant improvement is the taking into account the Coulomb distortion of the zero-energy wave function ψ 0 s , leading to approximation
instead of (8), where a sc is the Coulomb modified scattering length:
Here Φ(r) and Θ(r) are the suitable q → 0 limits of the Coulomb scattering functions F and G (see [12] ), satisfying 
while W denotes the wronskian of the two functions. Now, the usual way, how (8) and (11) are used to relate a strong potential V s to the measured energy shift is to approximate a s (or a sc ) by a D (q) and then to design a potential V s having this a s (or a sc ):
But due to the approximations (8) or (11) The eigenvalue equation (5) is solved by numerical integration in the internal region (r ≤ R)
and by matching the logarithmic derivatives of ψ in (r) and the external function F c out (q, r) at r = R:
For a given range parameter b the root in q of Eq. (15) for fixed λ gives the eigenvalue, while the root in λ for fixed q yields the potential strength corresponding to a prescribed eigenvalue. The numerical solution of Eq. (15) is straightforward in both cases.
For demonstration of the above idea strong potentials were derived from the three con- 
The main message of this work is to emphasize, that no approximations are needed to connect the measured ∆E(exp) with the properties of the strong interaction (model) potential V s . However, the desire to find a relation between these quantities without solving the eigenvalue equation, which is superior to the previously used ones, motivated the derivation of another approximate formula.
The normalization integral in the denominator of Eq. (7) can be approximated as
due to the smallness of the nuclear region 0 < r < R compared to the whole range of functions ϕ(r) and ψ(r). Using the equations satisfied by ϕ(r) and F c out (r) and their vanishing for r → ∞ Eq. (17) can be rewritten as
Substituting (18) into (17) and (7) and, as before, approximating ψ(r) within the nuclear range by ψ 0 sc (r) we get finally
which is of the form
and again can be solved either for q or for λ. The results for the strong potentials obtained from condition (d) are also shown in Table 1 , summarizing our results.
From these results we can make the following conclusions: (iii) Finally, to the question ,,which feature of a given potential instead of a s or a sc determines ∆E ? ", our answer is: 
